Nonadiabatic holonomic quantum computation has received increasing attention due to its robustness against control errors as well as high-speed realization. Several schemes of its implementation have been put forward based on various physical systems, each of which has some particular merits. In this paper, we put forward an alternative scheme of nonadiabatic holonomic quantum computation, in which a universal set of quantum gates is realized based on Rydberg superatoms. A Rydberg superatom is a mesoscopic atomic ensemble that allows for only a single Rydberg excitation shared by many atoms within a blockade radius and can be used to generate the collective states to encode the qubits. In our scheme, the qubit is encoded into two collective ground states of Rydberg superatoms and the interaction between two long-range Rydberg superatoms is mediated by a microwave cavity with the aid of two additional collective Rydberg states. Different from the previous schemes, which are based on the systems in the microscope scale, the present scheme is based on atomic ensembles in the mesoscopic scale. Besides the common merits of nonadiabatic holonomic quantum computation such as the robustness and the speediness, the Rydberg-superatom-based scheme has the following particular merits: the long coherence time of Rydberg states and the operability of the mesoscopic systems.
I. INTRODUCTION
Nonadiabatic holonomic quantum computation [1, 2] is based on nonadiabatic non-Abelian geometric phases [3] , which exist in the quantum system that possesses a subset of states satisfying both the cyclic evolution and parallel transport conditions. Since nonadiabatic non-Abelian geometric phases are only dependent on evolution paths and independent of evolution details, nonadiabatic holonomic gates are robust against control errors. Besides this, nonadiabatic non-Abelian geometric phases need not require the long run-time evolution that is necessary for adiabatic non-Abelian geometric phases [4] , and therefore nonadiabatic holonomic gates allow highspeed realization, which is different from the adiabatic holonomic quantum computation [5, 6] . Due to the merits of both robustness against control errors and high-speed realization, nonadiabatic holonomic quantum computation has received increasing attention . Several schemes of its implementation have been proposed based on various physical systems [15] [16] [17] [18] [19] [20] [21] [22] [23] , and each of them has some particular merits. Nonadiabatic holonomic quantum computation has been experimentally demonstrated with nuclear magnetic resonance [28, 33] , superconducting circuits [29] , and nitrogen-vacancy centers in diamond [30] [31] [32] .
The practical implementation of nonadiabatic holonomic quantum computation requires coherent manipulation of a large number of coupled quantum systems. Thus finding quantum systems easy to be manipulated is particularly necessary. Considering the manipulation of the object in the mesoscopic scale is easy; here we examine the possibility of devising a Rydberg-superatom-based scheme of nonadiabatic holonomic quantum computation. A Rydberg superatom is a mesoscopic atomic ensemble that allows for only a single * sduxgf@163.com † tdm@sdu.edu.cn
Rydberg excitation shared by many atoms within a blockade radius [34] . It is simpler to prepare mesoscopic Rydberg superatoms with an array of traps than to prepare a single atom in each trap [35] [36] [37] [38] . The stable collective ground states of the Rydberg superatom can be taken as the well-defined qubit states, and the encoded qubit is more robust against the atom leakage than the qubit encoded by the single atom states [39] . In addition, the long lifetime of the high-lying collective Rydberg states facilitates the manipulation of quantum systems within coherence time. Due to the above attractive features, we think that Rydberg superatoms are a competitive candidate for implementing nonadiabatic holonomic quantum computation. In fact, due to the above attractive features, Rydberg superatoms have been widely used for many other quantum information processing tasks [40] [41] [42] [43] [44] [45] [46] [47] [48] . In this paper, we aim to realize nonadiabatic holonomic quantum computation by using Rydberg superatoms.
It is worth noting that Rydberg atoms have already been used to implement nonadiabatic geometric quantum computation [22] as well as nonadiabatic holonomic quantum computation [23] . Different from these previous schemes, which are implemented by using Rydberg blockade regime [49] with single atoms, the present scheme of nonadiabatic holonomic quantum computation is to use microwave-cavity-mediated interaction with Rydberg superatoms. As stated above, Rydberg superatoms are with a mesoscopic scale, having the merit of operability. However, a mesoscopic scale may lead to the weak dipole-dipole interaction between the nonadjacent Rydberg superatoms when the number of superatoms is large, and it further spoils the Rydberg blockade regime for the longrange Rydberg superatoms. Thus, if a Rydberg-superatombased scheme can be effectively performed by using the Rydberg blockade regime, the number of Rydberg superatoms needs to be limited in a small scale, which hinders the scalability of quantum computation because scalable quantum computation requires coherent manipulation of a large number of coupled quantum systems. To avoid this problem, we use a microwave cavity with the aid of two additional collective Rydberg states to mediate the interaction between Rydberg superatoms. This causes our scheme to not only allow for the manipulation of the object in a mesoscopic scale, but also to avoid the limitation on the number of Rydberg superatoms.
In our scheme, we encode the qubit by a pair of collective ground states of Rydberg superatoms and then realize a universal set of nonadiabatic holonomic gates acting on the collective ground states. The one-qubit gates are performed by using off-resonant laser pulses. The nontrivial two-qubit gate is realized with the aid of a microwave cavity, where the transitions between the two collective ground states and two collective Rydberg states are facilitated by exchanging virtual photons through the common cavity mode. The paper is organized as follows. In Sec. II, we demonstrate how to prepare the needed collective states. In Sec. III, we realize two noncommuting one-qubit nonadiabatic holonomic gates based on Rydberg superatoms. In Sec. IV, we realize a nontrivial twoqubit nonadiabatic holonomic gate based on Rydberg superatoms. In Sec. V, we discuss the feasibility of our scheme. Section V is the conclusion.
Before proceeding further, we briefly explain how a holonomic gate can be obtained. Consider a M-dimensional quantum system defined by Hamiltonian H(t). Its unitary operator can be expressed as
with |ψ k (t) = U(t)|ψ k (0) , and S(0) is taken as the computational space. Then, the unitary transformation U(τ) is a nonadiabatic holonomic gate acting on the L−dimension subspace if |ψ k (t) fulfill the following requirements [1, 2] :
Condition (i) guarantees that the evolution of the subspace is cyclic, while (ii) ensures that U(τ) is purely geometric on the subspace.
II. PREPARATION OF THE COLLECTIVE STATES
To perform a nonadiabatic holonomic gate, one needs a space with at least three dimensions, where a two-dimensional subspace is used as the computational space while the other dimensions are auxiliaries. To construct a three-dimensional space, we consider a Rydberg superatom consisting of N identical four-level atoms, each of which has three stable ground states |g , |0 , and |1 , and a Rydberg state |r . Here, the ground state |g acts as an initialized state that can be used to generate the needed collective states. As shown in Ref. [34] , all the atoms can be trapped in the ground state |g , and thus the Rydberg superatom can be initially prepared in a collective ground state |ḡ = |g 1 · · · g N , where |g k represents the ground state |g of the kth Rydberg atom. We first drive all Rydberg atoms from the ground state |g to the Rydberg state |r . Due to Rydberg blockade, only a single Rydberg atom can be excited from the ground state to the Rydberg state, and as a result, one can realize the collective Rydberg state,
where |r k represents the Rydberg state of the kth Rydberg atom. We then drive the Rydberg atoms from the Rydberg state |r to the ground states |0 or |1 , resulting from which two collective ground states of the Rydberg superatom,
are realized. Here, |0 k and |1 k represent the ground states |0 and |1 of the kth Rydberg atom, respectively. Thus, the needed collective states are prepared. A three-dimensional space, spanned by {|0 , |1 , |r }, is constructed, where {|0 , |1 } are used as the computational basis while |r acts as an auxiliary. It is worth noting that the collective ground state |ḡ cannot be used as the computational basis because the excitation of |ḡ can cause an undesired excitation of |0 or |1 . This is the reason why we do not use the previous three-level setup of Rydberg superatoms [34, 38] , where the three-dimensional space consists of |ḡ , |1 , and |r . In the following, we will realize a universal set of nonadiabatic holonomic gates based on above encoding.
III. ONE-QUBIT GATES
We first demonstrate how to realize one-qubit nonadiabatic holonomic gates with a Rydberg superatom. As illustrated in Sec. II, the Rydberg superatom consists of two collective ground states |0 and |1 and a collective Rydberg state |r . We drive the transitions |0 ↔ |r and |1 ↔ |r by off-resonant laser pulses with the same detuning ∆ but different Rabi frequencies Ω 0 (t) and Ω 1 (t), shown in Fig. 1 . In the rotating frame, by using the rotating wave approximation, the Hamiltonian describing the Rydberg superatom interacting with the laser pulses reads
where H.c. represents the Hermitian conjugate terms. To realize our nonadiabatic holonomic gates, we use square laser pulses. The common detuning and the two Rabi frequencies are set as ∆ = 2Ω sin θ, Ω 0 (t) = Ω cos θ cos(ϕ/2), and Ω 1 (t) = Ω cos θ sin(ϕ/2), where Ω, θ, and ϕ are time-independent parameters [11, 12] . In this case, the Hamiltonian is time independent, and the evolution operator U(t) = exp(−iHt) can be written as, in the basis {|0 , |1 , |r },
where φ t = Ωt. If the evolution period τ satisfies
the evolution operator U(τ) reads
The above equation shows that a state initially prepared in the computational space S = Span{|0 , |1 } evolves back to S after the whole evolution, i.e., the condition (i) is satisfied. With the aid of the commutation relation [H, U(t)] = 0, one can also show that the parallel transport condition (ii),
is satisfied, where |i(t) = U(t)|i and |l(t) = U(t)|l . So, the evolution operator U(τ) is a nonadiabatic holonomic gate acting on the computational space S.
In the following, we demonstrate that arbitrary one-qubit gates can be realized by using the evolution operator U(τ). One can see that if the initial states are confined to the computational subspace S, the evolution operator U(τ) is equivalent to
where n = (sin ϕ, cos ϕ) is a unit vector and σ = (σ x , σ z ) is the standard Pauli operator acting on |0 and |1 . By setting ϕ = 0 and ϕ = π/2, we can obtain two noncommuting one-qubit rotation gates around the Z and X axes, respectively. Thus, arbitrary one-qubit nonadiabatic holonomic gates acting on the computational subspace S can be realized.
IV. THE TWO-QUBIT GATE
To realize nonadiabatic holonomic quantum computation, besides one-qubit gates, a nontrivial two-qubit gate is needed. We now demonstrate how to realize a nontrivial two-qubit nonadiabatic holonomic gate with Rydberg superatoms.
Consider a pair of Rydberg superatoms prepared in two spatially separated traps with the blockade interaction between the Rydberg superatoms being zero. To perform nonadiabatic holonomic gates, we need to realize a three-level setup coupling of two Rydberg superatoms. For this, besides the three collective states |0 , |1 , and |r used in the one-qubit gates, we need to introduce two additional collective Rydberg states |p and |q ,
where |p k and |q k represent the Rydberg states |p and |q of the kth Rydberg atom, respectively. Here, |p and |q can as well play the role of |r for the one-qubit gates. The configuration of the jth ( j = 1, 2) Rydberg superatom is show in Fig.  2 . Here, |p , |r , and |q are three adjacent collective Rydberg states. The transitions between the adjacent collective Rydberg states, |p ↔ |r ( |r ↔ |q ), are facilitated by a common cavity mode with coupling constants g p (g q ) and detunings δ p (δ q ) [48] . The transitions |0 j ↔ |p j (|1 j ↔ |q j ) of the jth individual Rydberg superatom are driven by off-resonant laser pulses with Rabi frequencies Ω + g p e iδ p t a|p j j r| + g q e −iδ q t a † |q j j r| + H.c. ,
where a and a † are the annihilation and creation operators of the cavity mode, respectively. If the large detuning conditions ∆ j 0 , δ p |Ω j 0 (t)|, g p and ∆ j 1 , δ q |Ω j 1 (t)|, g q are satisfied, and the difference between the detunings δ p and δ q is sufficiently large compared to the coupling constants g p , g q , i.e., |δ p − δ q | g p , g q , then the single-atom transition |p ↔ |q and the two-atom transitions |pq ↔ |rr and |qp ↔ |rr will be avoided, and the collective Rydberg states |p and |q will be decoupled from the computational space S = Span{|00 , |01 , |10 , |11 }. We use the approach given in Ref. [50] to reduce the Hamiltonian H(t) in Eq. (11) . The reduced Hamiltonian can be written as
where the first line of the above equation represents the reduced atom-laser coupling terms, the terms in the square bracket of the second line are the two-atom coupling part, and the terms in the brace of Eq. (12) are the Stark shifts that can be compensated by introducing ancillary levels [51] . As shown in Fig. 3 , if the conditions
are satisfied [52] , and further the conditions
are also satisfied, then the single atom transitions |0 j ↔ |r j and |1 j ↔ |r j can be strongly suppressed while the double atom transitions |01 ↔ |rr and |10 ↔ |rr are allowed by exchanging virtual photons between two superatoms through a common cavity mode. Thus, the three-level setup coupling (13) and (14) are satisfied, the single-atom transitions |0 j ↔ |r j and |1 j ↔ |r j can be strongly suppressed due to the large detuning conditions while the double-atom transitions |01 ↔ |rr and |10 ↔ |rr are allowed by exchanging virtual photons between the superatoms through a common cavity mode, where the photon number states |n , |n − 1 , and |n + 1 have been used in the setup.
is realized, and in this case the effective Hamiltonian reads
where
Here, the Stark shifts have been removed by introducing ancillary levels, and the additional two-atom coupling terms in Eq. (12) have been neglected since they act trivially on the computational space S . Note that the Stark shifts include the terms in Eq. (12) and the terms generated by the reduced atom laser coupling terms of Eq. (12) (see [53] ).
One remarkable feature of the effective Hamiltonian in Eq. (15) is that the double-atom transitions are disentangled from the cavity mode so that our scheme is insensitive to the cavity decay.
To realize the two-qubit nonadiabatic holonomic gate, we set Ω 01 = Ω (t) cos(α/2) and Ω 10 = Ω (t) sin(α/2), where Ω (t) is time dependent and α is time independent. In this case, the evolution operator generated by the effective Hamiltonian H eff (t) can be written as
, and in the basis {|00 , |01 , |10 , |11 , |rr }, it reads
with γ t = t 0 Ω (t )dt . If the evolution period τ satisfies
the evolution operator U (τ) turns into
Equation (19) shows that if the initial state is in the computational space S , it will evolve back to S after the whole evolution, i.e., the condition (i) is satisfied. With the aid of the commutation relation [H eff (t), U (t)] = 0, one can also verify that the parallel transport condition (ii),
is satisfied, where |µ(t) = U (t)|µ and |ν(t) = U (t)|ν . Therefore, the non-Abelian unitary transformation acting on the computational space S plays the role of a two-qubit nonadiabatic holonomic gate, and in the basis {|00 , |01 , |10 , |11 }, it can be written as
One can readily verify that the above two-qubit gate is nontrivial. 
V. DISCUSSIONS
So far, we have realized a universal set of nonadiabatic holonomic gates based on Rydberg superatoms. In the following, we discuss the feasibility of these gates.
As shown in Ref.
[54], the lifetime τ c of the Rydberg state of the Rb atom with principal quantum number n = 95 can be up to 300µs and the dipole-dipole interaction strength between atoms is above 2π × 30GHz when atoms are separated less than 2µm. Suppose each of our Rydberg superatoms consists of N = 100 identical atoms within blockade radius 2µm.
For the one-qubit gates, the evolution time is determined by the detuning ∆ and the Rabi frequencies Ω 0 (t) and Ω 1 (t). It can be shown that by properly choosing ∆, Ω 0 (t), and Ω 1 (t), the evolution time τ can be much shorter than the lifetime τ c . For example, the detuning and the Rabi frequencies can be chosen as ∆ ∼ 2π × 10MHz · sin θ, Ω 0 (t) ∼ 2π × 5MHz · cos θ cos(ϕ/2), and Ω 1 (t) ∼ 2π × 5MHz · cos θ sin(ϕ/2), where θ ∈ [0, π] and ϕ ∈ [0, 2π]. The above parameters, being much smaller than the dipole-dipole interaction strength, satisfy the requirement of Rydberg blockade and are experimentally allowed. By using these parameters, we can estimate the evolution time of the one-qubit gates, and it is τ ∼ 0.1µs, which is sufficiently short compared with the lifetime, τ c ∼ 300µs. Furthermore, our numerical result indicates that the fidelity is up to 99.95% under the influence of decay for the gate U(τ) = exp(−iπσ x /4) if the initial state is taken as |0 , shown in Fig. 4 .
For the two-qubit gate, the evolution time of the gates is determined by the parameter Ω (t), which is further restricted by the parameters of the laser pulses and cavity field (see Sec. III). By properly choosing the parameters of the laser pulses and the cavity field, one can find that the evolution time τ τ c . For example, the Rabi frequencies and the coupling constants can be chosen as Ω 2π × 120MHz, and∆ 2 1 = 2π × 110πMHz. By using the above parameters, one can get Ω (t) = 2π × 0.0659MHz and then the evolution time of our gate is τ ∼ 7.59µs, which is sufficiently short compared with the lifetime, τ c ∼ 300µs. It is worth noting that the chosen parameters satisfy the requirement of the Rydberg blockade as well as other requirements for realizing the effective Hamiltonian in Eq. (15) , and are experimentally available. By using numerical simulation, we demonstrate the performance of the real Hamiltonian in Eq. (11) . The fidelity between the result obtained by the real Hamiltonian and the desired theoretical result can be up to 98.54% for the gate U L (τ) = |00 00 | − |01 10 | − |10 01 | + |11 11 |, where the initial state is taken as |01 , shown in Fig. 5(a) . Subsequently, we examine the performance of the gate under the influence of decay. Our result indicates that the fidelity is 82.70%, shown in Fig 5(b) . It means that the decay seriously influences our gate for the present parameters. To improve the performance of the gate under the influence of decay, we increase the parameters of laser pulses as well as the cavity field to five times the above values. The numerical simulation indicates that the fidelity is up to 94.98%, shown in Fig. 5(c) .
In general, the larger the ratio of detunings to coupling strengths is, the better the Hamiltonian in Eq. (11) performs. Yet, the larger ratio leads to lower effective Rabi frequencies and further leads to slower gates. It ultimately results in a stronger influence of decoherence on gates. Our numerical simulation shows that the present ratio of detunings to coupling strengths leads to good performance of the Hamiltonian in Eq. (11) but low effective Rabi frequencies and slow gates, which results in a serious influence of decay on gates. Here, the lifetime of Rydberg states is 40 times the evolution time of the gate. To reduce the influence of the decay on the gates, the parameters of laser pulses as well as the cavity field are increased to five times the early values. In this case, the effective Rabi frequencies are increased to five times the early Rabi frequencies, and the speed of gates is also increased to five times the early speed, which makes the influence of the decay greatly reduced. Here, the lifetime of Rydberg states is 200 times the evolution time of the gate.
VI. CONCLUSION
In conclusion, we have proposed a scheme of nonadiabatic holonomic quantum computation with mesoscopic atomic ensembles. By encoding a qubit into a pair of collective ground states of a Rydberg superatom, we realize a universal set of nonadiabatic holonomic gates. The one-qubit gates are performed by off-resonant laser pulses. The two-qubit gate is performed with the aid of a microwave cavity. The transitions between the double collective ground states of Rydberg superatoms and the double collective Rydberg states are facilitated by exchanging virtual photons through a common cavity mode. In this process, the effective double atom transitions are disentangled from the cavity mode and therefore the two-qubit gate is insensitive to the cavity decay. It is interesting to note that besides the common merits of nonadiabatic holonomic quantum computation such as the robustness and the speedi- ness, our Rydberg-superatom-based scheme has two particular merits: the long coherence time of Rydberg states and the operability of the mesoscopic systems.
